arXiv: 1508.00991 vl [math.FA] 5 Aug 2015 


EQUIVALENCE RELATIONS AMONG 
SOME INEQUALITIES ON OPERATOR MEANS 

SHUHEI WADA AND TAKEAKI YAMAZAKI 


Abstract. We will consider about some inequalities on operator means for more 
than three operators, for instance, ALM and BMP geometric means will be consid¬ 
ered. Moreover, log-Euclidean and logarithmic means for several operators will be 
treated. 


1. Introduction 

Let R be a complex Hilbert space, and R('H) be the algebra of all bounded linear 
operators on R. An operator A is said to be positive semi-definite (resp. positive 
definite) if and only if (Ax, x) > 0 for all x G "H (resp. (Ax, x) > 0 for all non-zero 
X eI-L). We denote positive semi-definite operator A G R('H) by A > 0. Let 
and B{'H)sa be the sets of all positive definite and self-adjoint operators, respectively. 
We can consider the order among B{'H)sa, he., for A,B^ B{'H)sa, 

A < B if and only if Q < B — A. 

A real valued function / on an interval J C M is called an operator monotone function 
if and only if 

A < B implies f{A) < f(B) 

for all A,B & B{'H)sa whose spectral are contained in J. 

For two positive definite operators, the operator mean is important in the operator 
theory. 

Definition 1 (Operator mean [B])- A binary operation a : B('H)\ ^ B(fH)^ is called 
an operator mean if and only if the following conditions are satisfied. 

(1) If A < C and B < D, then AaB < CaD, 

(2) X*{AaB)X < {X*AX)a{X*BX) for X e B(n), 

(3) AnaBn j, AaB when A„ j, A and Bn i B in the strong operator topology, 

(4) la I = I, where I means the identity operator on B. 

We notice that operator means can be defined for positive semi-dehnite operators 
by (3) in Definition 1. Kubo-Ando [6] have shown the following important result: 

Theorem A ([6]). For each operator mean a, there exists the unigue operator mono¬ 
tone function f : (0, oo) —> (0, cxo) such that /(I) = 1 and 

f{t)I = Ia{tl) for all t G (0, oo). 
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Moreover for A G and B > 0, the formula 

AaB = A^ f{A^ BA^)A^ 

holds, where the right hand side is defined via the analytic functional calculus. An 
operator monotone function f is called the representing function of a. 

Typical examples of operator means are weighted harmonic, geometric and arith¬ 
metic means denoted by !^, and for w G [0,1], respectively. Their repre¬ 
senting functions are [(1 — w) + and 1 — tc -|- wt, respectively. In fact, 

we can dehne Al^B = [(1 — w)A~^ + wB~^]~^, = A^[A'^BA'^)'“A^ and 

AVwB = (1 — w)A + wB. 

Extending Kubo-Ando theory to the theory for three or more operators was a long 
standing problem, in particular, we did not have any nice dehnition of geometric mean 
for three operators. Recently, Ando-Li-Mathias have given a nice dehnition of geomet¬ 
ric mean for n-tuples of positive dehnite matrices in [T]. Then many authors study 
about operator means for n-tuples of positive dehnite operators, and now we have 
three dehnitions of geometric means which are called ALM, BMP and the Karcher 
means. Moreover, we have an extension of the Karcher mean which is called the power 
mean. 

M. Uchiyama and one of the authors have obtained equivalence relations between 
inequalities for the power and arithmetic means as extensions of a converse of Loewner- 
Heinz inequality |13) . 

In this paper, we shall investigate the previous research [TB] to other operator means 
for n-tuples of operators. In fact, we shall treat ALM and BMP means, moreover we 
shall discuss about some types of logarithmic means of several operators. This paper 
is organized as follows. In Section 2, we will introduce some dehnitions and notations 
which will be used in this paper. Then we shall consider about weighted operator 
means in the view point of their representing functions in Section 3. In Section 4, 
we shall consider about generalizations of the results by M. Uchiyama and one of the 
authors [ 13 ]. Especially, we shall consider about the log-Euclidean mean which is a 
kind of geometric mean for n-tuples of positive dehnite operators. In the last section, 
we shall introduce some properties of the M-logarithmic mean which is generated 
from an arbitrary operator mean via an integration. 

2. Primarily 

Let OM be the set of all operator monotone functions on (0, oo), and let OMi = 
{/ G OM : /(I) = 1}. For / G OMi, there exists an operator mean aj such that 

AafB = A^f{A'^ BA^ )A^ 

for A,Bg B{'H)+. It is well known that for w G [0,1], if 

A\wB < AafB < AVwB 

holds for all A,Be B{1-L)+, then 

[(1 — tc) -I- wt~^~\ ^ < f{t) < {1 — w) + wt 


holds for alH > 0. 
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Let A, B & B(l-L)^. The Thompson metric d{A,B) is dehned by 

d{A,B) = max{\ogM{A/B),\ogM{B/A)}, 

where M{A/B) = inf{a > 0 | i? < aA}. It is known that a cone of positive dehnite 
operators is a complete metric space for the Thompson metric. In what follows, we 
will consider about “limit” of operator sequences or “continuous” of operator valued 
functions in the Thompson metric without any explanation. 

For n-tuples of positive dehnite operators, the ALM and BMP (geometric) means 
are dehned as follows. 

Theorem B (ALM mean m ). For A = {Ai,A 2 ) G B{1-L)\, the ALM (geometric) 
mean 0alm(A) of A is defined by (3 alm{A) = Aijji/ 2 A 2 . Assume that the ALM 
(geometric) mean on B{'H)^~^ is defined. Let A = {Ai,..., Afij G B{'H)'f 

and {i = 1, ...,u) be the seguences of positive definite operators defined by 

Af^ = Ai and A^^^^ = (Salm {{A^p)j^?j , 

where {A^p)j^i = (A[^\ ..., ..., Then there exists \im.r^oo A^f"^ {i = 

1 ,...,? 7 ,) and it does not depend on i. The ALM (geometric) mean (3 alm{A) for n- 
tuples of positive definite operators A G B['H)\ is defined by lim^^oo 

A vector u = {wi, ...,Wn) G (0,1)" is said to be a probability vector if and only if 
= L Let An be the set of all probability vectors in (0,1)". 

Theorem C (BMP mean [3l [5l [9]). For A = (^ 1 ,^ 2 ) G B(H)\ and cj = (1 — 
w, w) G A 2 , the BMP (geometric) mean (3 bmp{oj; A) of A is defined by (3 bmp{oj; A) = 
Ai^wA 2 . Assume that the BMP (geometric) mean &bmp{-', ■) on A„_i x B{'H)^~^ is 
defined. Let A = (Ai,...,A„) G B{Ti)f and u = {wi,...,Wn) G A„. Define the 

seguences of positive definite operators {i = l,...,n) by 

Af'^ = Ai and = (5bmp 

where uj^i = — [wAn^i. Then there exists hmr_).oo A,-^^ [i = 1 ,...,? 7 ,) and it does 

not depend on i. The BMP (geometric) mean &bmp{oj-, A) for n-tuples of positive 
definite operators A G B{'H)'^ is defined by limr_;.oo Aj-^\ 

We remark that it is not known any weighted ALM mean. Let A = (Ai,..., A„), B = 
{Bi ,..., Bn) G Bifi-Ojf and uj = (tci, ...,Wn) G A„. Here we denote the above geometric 
means of A for the weight u by 0(a;; A), and they have at least 10 basic properties 
PEI [5119] as follows (in the ALM mean case, we consider just only u = (^,..., i) 
case). 

(PI) If Ai,..., A„ commute with each other, then 

n 

k=l 
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(P2) For positive numbers Oi,a^, 


(P3) 


(P4) 

(P5) 


(P6) 

(P7) 

(P8) 

(P9) 

(PIO) 


0(a;; aiAi ,= 0(n;; Oi,a„)0(a;; A) 



For any permutation a on {1, 2,n}, 

^ : • • •; ^( j ( n ) 7 7 • • • 7 ^ (^7 -^) * 

If Ai < Bi for z = 1,n, then 0(a;; A) < 0(a;; B). 

0 ( 0 ;; •) is continuous on each operators. Especially, 


(i(0(a;; A), 0 ( 0 ;; B)) < y^ WicK^Aj, Bj). 

i=l 


0 ( 0 ;; A). 


For each t G [0,1], (1 — t)0(ci;; A) + t&{u; B) < 0(0;; (1 — t)A + tM). 

For any invertible X e BiB), 0(o;; X*AiX,= X*0(o;;A)X. 
0(o;; A“^)“^ = 0(o;; A), where A“^ = A~^). 

If every A, is a positive dehnite matrix, then det 0(o;; A) = Y\a=i ■ 


n 


-1 




n 

< 0 ( 0 ;;A) < Y^WiAi. 

i=\ 


3. Operator means of two variables 


In this section, we shall consider the weighted operator means in the view point of 
their weight. 

Theorem 1. Let $, / G OMi he non-eonstant, and let a be an operator mean whose 
representing function is <F. If $'(1) = tc G (0,1), then for A, B ^ B{'H)sa, they are 
mutually equivalent: 

(1) (1 — w)A < wB, 

(2) /(AA + I)af{—XB + /) < / holds for all sufficiently small A > 0. 

Theorem [T] is an extension of the following Theorem [D] in [TB] by Lemma [2] intro¬ 
duced in the below. It was shown as a converse of Loewner-Heinz inequality. 

Theorem D ([13] ). Let f{t) G OMi be non-constant, and let A,Be B{'H)sa- Let 
a be an operator mean satisfying ! < 1/2 cr < Vi/ 2 . Then A < B if and only if 
/(AA -I- I)af{—XB + /) < / for all sufficiently small A > 0. 

To prove Theorem [U we need the following lemma. 

Lemma 2. Let $ G OMi. Then for each w G (0,1), they are mutually equivalent: 

( 1 ) $'(!)=«;, 

(2) [(1 — w) + wt ^ < ^(t) < {1 —w) +wt for all t G (0, 00 ). 

Proof. Proof of (1) (2) has been given in [T21 Lemma 2.2]. But we shall introduce 

its proof for the reader’s convenience. Since every operator monotone function is 
operator concave, $ is a concave function. We have 

$(t) < <F(1) -I- <h'(l)(t — 1) = (1 — tc) -f- wt. 
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On the other hand, is also an operator monotone function, and 

d t 

“T^TT =l —w. 

Then by the same argument as above, we have 

that is, 

[(1 — ta) + < $(t). 

Conversely, we shall prove (2) (1). Since the tangent line of fit) = [(1 — tc) + 

at t = 1 is 1 / = {l—w)+wt, <h(t) has the same tangent line of [(1— 
at f = 1. Therefore $'(1) = w. □ 


Before proving Theorem [H we introduce the following formulas. For any differential 
function / on 1 and w G (0,1), the following hold in the norm topology. 

(3.1) lim f{XA + /)i = for A G B(n),a, 

A—fO 

(3.2) lim [(1 — ta)y4^ + = exp [(1 — ta) log A + tc logi?] for A,B e 

p—J-O 

where fl3.ip can be obtained by limx^o f(Aa + 1)^ = for a G M, and fl3.2p is 

introduced in [TTl (2.4)], for example. 


Proof of Theorem [H By Lemma [H <F'(1) = to is equivalent to 

(3.3) [(1 — to) + tot“^]“^ < <F(t) < (1 — to) + tot for all t > 0. 

We shall prove (1) (2). If (1 — to)y4 < toi?, then it is equivalent to (1 —to)(Ay4 + 

I) + w{—XB + /) < / for all A > 0. Since / is an operator concave function with 
/(I) = 1, we have 

I = /(/) >/((!- w^)(AAI + /) + wi-XB + /)) 

> (1 - w)f{XA + /) + wf{-XB + I) 

>f{XA + I)af{-XB + I), 


where the last inequality holds by fl3.3p . 

Conversely, assume that f{XA + I)af{—XB + 1) < I for all sufficiently small A > 0. 
By fl3.3p . we have 


/>/(AAl + /)a/(-Ai? + /) 

> [(1 - w)fiXA + /)-' + wfi-XB + /)-!] 


> 


(1 


-A 

w)f{XA + I)^ +wf{-XB + I)^] ^ 


for all 0 < A < p, where the last inequality follows from the operator concavity of 
for a G [0,1]. Then we have 


-1 

(1 - w)f{XA + I)^ + wf{-XB + 1)^] " 


< I. 
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By letting A ^ 0 and fl3.ip . we have 


and p —)■ 0, we have 


(1 - 


</, 


exp (-(1 - m;)/'(1)AI + wf{l)B) > I 
by fl3.2p . It is equivalent to (1 — w)A < wB. 

A kind of a converse of Theorem [T] can be considered as follows. 


□ 


Proposition 3. Let $, / G OMi be non-constant, and let a be an operator mean 
whose representing function is $. For A, B E B{'H)sa and w G (0,1), if f{XA + 
I)af{—XB + /) < / holds for all sufficiently small A > 0 whenever (1 — w)A < wB. 
Then $'(1) = w. 


Proof. We may assume f'{l) > 0. Let A = wtl and B = (1 — w)tI for a real number 
t. Then we have (1 —w)A < wB. By the assumption, we have f{Xtw + l)cr/(—At(l — 
tc) + 1) < 1 holds for all sufficiently small A > 0. It is equivalent to 

/ f{-Xt{l-w) + 1) A ^ 1 

V f{Xtw + l) )~f{Xtw-^l)' 

For each A > 0, we have 


(f) { /(—A(l— \ 1 

f(Xtw+l) J 


1 


< 


f{\wt+l) 


X - X 

Letting A ^ 0, the right-hand side of the above inequality converges to 


d 


dX f{Xwt 1) 


—wtf'{Xwt -t-1) 


A=0 


= -wtf{l) 


A=0 


f{Xwt 1)^ 

by the assumption /(I) = 1. On the other hand, the left-hand side is 

7(-A(l -w)t + iy 


^ a. 
— $ 

dX 


f{Xtw + 1) 


= -t<F'(l)/'(l) 


A=0 


by the assumption $(1) = 1. Hence we have > wt for all real number t. Hence 

we have = w. □ 


4. More than three operators case 
Let A = (Ai,..., An) G B{'H)y and u = [wi, ...,Wn) G A„. Define 

n / 

2t(a;;A) = tCjAj and ^{u;A)= ( 

i=l \i=l 

As an extension of the Karcher mean, the power mean is given by Lim-Paiha in as 
follows. Let A = (Ai,..., A„) G and u = (wi, ..., Wn) G A„. For t G (0,1], the 

power mean A) is dehned by the unique positive definite solution of 

n 

X = WfcAjjfAfc, 
k=l 
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and for t E [—1,0), the power mean Pt{u;A) is defined by Pt(a;;A) = A ^ 

(see also 0)- We remark that Pt{oj-,A) converges to the Karcher mean A(a;;A) as 
f —)■ 0, strongly. So we can consider Po{oj-, A) as A (a;; A). It is known that the Karcher 
mean also satisfies all properties (PI) - (PIO) in Section 2 (cf. [21[7l[H]). It is easy to see 
that Pi(a;;A) = 2t(a;;A) and P_i(a;;A) = i^(a;;A). Moreover Pt(a;;A) is increasing 
on t G [—1,1]. Hence the power mean interpolates arithmetic-geometric-harmonic 
means. In [13] , we had a generalization of Theorem [D] as follows. 

Theorem E ([I3|)- Let Ti, ...,Tn be Hermitian matrices, and u = (tci, ...,Wn) G A„. 
Let f E OMi be non-constant. Then the following assertions are equivalent: 

n 

( 1 ) y^wjTi < 0 , 

i=l 

n 

(2) Pi{u]f{XTi + /),...,/(AT„ /)) = '^Wif{XTi + I) < I for all sufficiently 

i=l 

small A > 0, 

(3) for each t E [—1,1], Pt{oJ] /(ATi -|- /),..., f{XTn + /))</ for all sufficiently 
small A > 0. 

Here we shall generalize the above result into the following Theorem 01 

Theorem 4. Let f E OMi be non-constant, and let d* : A„ x x P —> R+ 

satisfying 

(4.1) ||io(a;;A)|| < sup $(a;;A;a;) < ||2l(a;;A)|| 

for all A E B{TL)f and iv E A„. Then for T = (Ti,...,T„) G B{TL)f^ and iv = 
{wi,...,Wn) G An, they are mutually equivalent: 

n 

( 1 ) y^^wjTi < 0 , 

i=l 

(2) $( 0 ;; /(ATi -|- I), ..., f{XTn -\- I)]x) < 1 for all sufficiently small A > 0 and all 
unit vector x eTL. 

In fact, we obtain Theorem [E]by putting <I>(a;; A; x) = {Pt{uj; A)x, x) in Theorem IH 

Proof of Theorem^^ First of all, we may assume f'{l) > 0. Firstly, we shall prove (1) 
(2). For each A > 0, (1) is equivalent to 

n 

Y,wfXT, + I)<L 

i=l 

Since operator concavity of / and /(I) = 1, we have 

I ^ f{i) > f +1) 

\i=l 
n 

> + n= 2l(a;; f{XT, + I), ..., /(AT, + /)). 

i=l 
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Here by fl4.ip . 


1> p(u;;/(ATi+ /(AT„ + /))|| 

> sup <D(a;;/(ATi + J),...,/(AT„ + J);a:), 

we have 

l>$(a;;/(ATi + /),...,/(AT„ + /);x) 

for all unit vector x ETi, i.e., (2). 

Conversely, we shall prove (2) (1). By fl4.ip . we have 

1> sup $(u;;/(ATi + /),...,/(AT„ + /);a:) 
>||i3(a;;/(ATi + J),...,/(AT„ + J))||. 

Then 


J>i0(a;;/(ATi + J),...,/(AT„ + /)) 


n -1 




i=\ 


> 




i=l 


-A 

p 


for all 0 < X < p since is operator concave for a G [0,1]. Hence we have 


Y^wj{XTi + iy 


i=l 


-1 

p 


< I. 


By letting A ^ 0 and fl3.ip . we obtain 


y^^Wje 

i=l 


-pnm 


-1 

p 


</, 


and p —0, we have /'(I) — 0; is, (1). 


□ 


Corollary 5. Let f G OMi be non-constant. Then for T = (Ti, G and 

to = {wi, ...,Wn) G An, they are mutually equivalent: 

n 

( 1 ) y^^wjTj < 0 , 

i=l 

(2) nr=i < 1 for all sufficiently small A > 0 and all unit vector 

X eTL, 

Proof. For A = (Hi, G H('H)", let $( 0 ;; A;x) = nr=i We shall only 

check 

n 

||i 3 (w;A)|| < sup < ||2l(n;;A)|| 

lbll=ir=i 
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for all A = (Ai,...,A„) G and uj = (wi,G A„. Firstly, we shall show 

suP|W|.inr=, Pflf" < l|a(a,;A)||. 

n n n 

JJ < 'Y^Wi{AiX,x) = (2l(a;; A)a;,x). 

2 = 1 2=1 2=1 

Hence, we have sup|| 3 ,||^i nr=i A ||2l(a;; A)||. 

Next, we shall prove ||i 3 (a;; A)|| < sup||j,||^]^ Y\a=i 

n n 

WWAjxf^^ = \[{A,x,xr^ 

2=1 2=1 

> (A(a;;A)x,x) (by [H]) 

> A)x, x). 

Therefore the proof is completed by Theorem 01 □ 

Corollary 0] is an extension of the following result: 

Theorem F ([I3]). Let Ti,...,T„ he Hermitian matrices, and let f G OMi be non¬ 
constant. Then the following are equivalent: 

n 

( 1 ) 

2=1 

n 

( 2 ) ikir < n ||/(ATi + /) 2 xll for all sufficiently small A > 0 and all x G "H. 

2 = 1 

From here we shall consider another geometric mean for n-tuples of positive definite 
operators which is called the log-Euclidean mean (3e{oj;A) for A = (Ai,...,A„) G 
and u = (tci, ...,Wn) G A„. It is defined by 

/ n 

&e(uj;A) = exp I Wj log Aj 

\i=i 

Log-Euclidean mean satishes some of properties (P1)~(P10) in Section 2. However, 
log-Euclidean mean does not satisfy important properties (P4) and (PIO). 

Corollary 6. Let f G OMi he non-constant. For A G B{'H)f and u G A„, let 
M{u] A) be ALM or weighted BMP or log-Euclidean mean (in the ALM mean case, uj 
should be u = (^,..., ). Then for T = (Ti,..., T„) G 5(7^)”^ and u = {wi, ...,Wn) G 

An, the following assertions are equivalent: 

n 

( 1 ) '^WiTi < 0 , 

2=1 

(2) M{u}] /(ATi -|- I),..., f{XTn + /))</ for all sufficiently small A > 0. 

Proof. The cases of ALM and BMP means. Put <h(ix;; A;x) = {M{u)-,A)x,x). Then 
by (PIO), <I)(a;; A;a:) satishes the condition fl4.1lh So that we can prove the cases of 
ALM and BMP means by Theorem 01 
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By the way, log-Euclidean mean satisfies 
(4.2) logi 3 (a;;A) < log 0 ^( 0 ;; A) < log2l(a;;A) 

for A G and u G A„. In fact, by the operator concavity of logt, we have 


log0£;(a;; A) = log 


exp u: Wi log Ai 
\i=i 

= Y^Wi log Ai 

i=\ 

< log i'^WiAi I = log2l(a;;A). 


. 2=1 


On the other hand, we have 

logi^(a;; A) = log2l(a;; A“^)“^ 

= — log 21 ( 0 ;; A“^) 

< -log0E(a;; A"^) 
= log0ij(a;; A). 


Hence we have fl4.2p . We remark that if log A < logi? for A,Be B{'H)+, then for 
each p > 0, there is a unitary operator Up such that A^ < UpB^Up in [4]. Hence we 
have ||A|| < ||i?||. By using this fact to fl4.2|] . we have 

||fl(a;;A)|| < ||0£;(a;;A)|| < ||2l(a;;A)||. 


Hence we can prove Corollary [H] by putting $(a;;A;x) = (0£;(a;; A)a:, x) in Theorem 

m □ 


5 . Logarithmic means 


We shall consider some logarithmic means for n-tuples of positive definite operators. 
Since the representing function of logarithmic mean is logarithmic mean AXB of 
A, B E B{'H)^ can be considered as 


AXB= / A'^tBdt. 


So it is quite natural to consider the similar type of integrated means as follows. 


Definition 2 (M-logarithmic mean). Let M : An x B('H)'l -G B{'H)^. Then for 
A G B{Ti)\, the M-logarithmic mean £(M)(A) of A E B{'H)^ is defined by 

A{M){A) := [ M{oj-,A)dp{u) 

J A71 

if there exists, where dp{uj) means an arbitrary probability measure on An- 


In what follows, we consider the case of dp{u) = {n — l)\du. 
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Proposition 7. Let M : A„ x B{l-L)+ satisfying (P3), (P'7), (P8) and 

(PIO). Then M-logarithmic mean 


S,{M){A) = {n-l)\ [ M{u;A)du 

J 

satisfies (P3) and (P7) if it exists. Especially, 2{M) satisfies (PIO), i.e., 

S){A) < £(M)(A) < 21(A). 


We remark that £(2t)(A) = 21(A). As for the preparation, we dehne some notations. 
Let S be the cyclic shift operator on C" and let § be also the cyclic shift operator on 
BifHY] namely, 

S{Wi,W2,...,Wn) = 

S(Ai, A2, ..., An) = (A 2 , A 3 , ..., An, Ai). 

We claim that if M satisfies (P3), then M{Suj;A) = M{uj;E>*A). 


Proof of Proposition^ It is clear that £,{M) satisfies (P3) and (P7). The remain is 
to show (PIO). Let M be the set of all maps M : An x B{'H)^ B{'H) + . It is easy 

to show that £ is a linear map on M, and £(M)(A) > 0 for all A G B(T-L)'^ if M G M. 
Hence for Ni,M,N 2 G M, if Ni{u;A) < M{u;A) < W(<^;A) holds for all u G A„ 
and A G B{'H)^, then 

£(Ai)(A) < £(M)(A) < £(A 2 )(A) 
holds for all A G B^H)^. Since M{u;A) satishes (PIO), we have 


£(M)(A) = (n-1)! / M{uj-A)du 

J IAti 

<(n —1)! / ‘Aipj-, A)d<jj 

J YAji 

= £(2l)(A) = 21(A). 

On the other hand, we have 

i:(A) = 2l(A-i)-^ 

< {£(M)(A-i)}-i 

= ({n — l)\ f M{u-, A~Ydoj 


= ( (n — 1) / M{uj-,A) ^doo 


-1 


by (P 8 ) 


<{n-l)l M{u;A)du = S.{M){A). 

J YAji 


□ 


Remark 8. The above theorem is valid for an arbitrary permutation (shift)- invariant 
probability measure p. 
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Remark 9. Let M : A„ x B{l-L)+ be a map satisfying (P3), (P7), (P8) 

and (PIO). We put 

Moiu-K):= m{M iuj- A), MiSuj- A),A) ) . 

\ n n J 

Then Mq satisfies the assumption of Proposition [71 So 2{Mo) also satishes (PIO). 
Moreover, the following inequalities hold 

i3(A) < £(Mo)(A) < £(A/)(A) < 21(A). 

The second inequality can be shown as follows. Since A) satishes (PIO), we have 

n—l ^ 


Mo{u] A) < V A) 

n 


k=0 


Then we obtain 


£(Mo)(A) = {n- 1)! / Mo{uj;A)du 
< (n — 1)! 


(n- 1): 


n 


n—l 


)! J |^^M(^^u;;A)|da; 

n—l „ 

/ M{S^uj-,A)duj 

k=0 


n 


J^£(M)(A) = £(MXA). 


k=0 


Since the weighted Karcher mean A(a;;A) is continuous on the probability vector 
in the Thompson metric [8], so £(A)(A) exists. 


Proposition 10. 


T)(A) < i:(A)(A) < 21(A). 


Proof. Since the weighted Karcher mean satishes (Pl)-(PIO) in Section 2 [211711H], it 
is easy by Proposition [71 □ 

Corollary 11. Logarithmic mean il(A)(A) satisfies the same assertion to Corollary 
0, too. 

Proof. We can prove Corollary [TTl by the same way to the proof of Corollary [6l □ 
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